Rigid particles pack into structures, such as sand dunes on the beach, whose overall stability is determined by the average number of contacts between particles. However, when packing spatially extended objects with flexible shapes, additional concepts must be invoked to understand the stability of the resulting structure. Here we study the disordered packing of chains constructed out of flexibly-connected hard spheres. Using X-ray tomography, we find long chains pack into a low-density structure whose mechanical rigidity is mainly provided by the backbone. On compaction, randomly-oriented, semi-rigid loops form along the chain, and the packing of chains can be understood as the jamming of these elements. Finally we uncover close similarities between the packing of chains and the glass transition in polymers.
the chain conformations, we find long floppy chains effectively partition into a collection of nearly-rigid elements -small loops -that then jam into a rigid packing. Randomlypacked spheres have often been used as a model for simple glasses [2, 13] . Building on this and on the fact that polymer molecules are often modeled as flexible chains [14, 15] , we find that the jammed packing of chains captures the dependence of the polymer glass transition on chain length, topology, and stiffness.
Our chains are the familiar ball-chains used as window-shade pulls (Fig. 1b, inset) : the "monomers" are hollow metal spheres, the "bonds" are short metal rods. The monomers are uniform in size and uniformly distributed along the chain; they are also free to rotate about the backbone so that the chain does not support torsion. These ball-chains are not arbitrarily flexible: there is a maximum bond flex angle θ max . We use the minimum loop size ξ = 2π/θ max as a simple measure of chain stiffness; this is the minimum length of chain that can close to form a ring. We used an aluminum chain with monomer diameter a = 2.4 mm and ξ = 7.5, and a brass chain with a = 1.9 mm and ξ = 11.2. For each, we studied the packing of both linear chains with free ends, and of cyclic chains whose ends are connected together in a loop.
The chains are loaded into a cylindrical cell mounted on an electro-mechanical shaker: long chains are rapidly unspooled into the cell end-first, short chains are poured-in few at a time. The chains are compacted by giving the cell discrete vertical "taps": a single period of 30 Hz sinusoidal vibration with peak-to-peak acceleration of 8g, where g = 9.8 m/s 2 .
After each tap, the pack height is measured to find the packing density ρ. The compaction process found here is similar to that of hard spheres [6] : ρ increases in a logarithmic fashion with the number of taps, and is slow to approach a steady state; we chose 10 4 taps as an arbitrary stopping point to measure the "final" density ρ f . The packing produced is always disordered with no signs of chain crystallization. We repeated these measurements using cells of two different diameters, 4.75 cm and 2.5 cm; this had no strong effect on our results. To reveal the detailed packing structure, we used X-ray tomography. Here, only the ξ = 7.5 Al chain is sufficiently X-ray transparent to be imaged. Our X-ray source is a 37 is split into two sub-peaks, a well-known feature corresponding to two distinct particle arrangements [16] . The sub-peak at r = 2a corresponds to a linear trimer; for chains, this configuration naturally suggests three successive monomers along a backbone. The sub-peak at r = √ 3a corresponds to a rhomboid cluster of 4 particles (Fig. 2a, inset) ; for chains, this requires contact between monomers without a shared bond. As we move to long chains, the r = √ 3a sub-peak quickly disappears, indicating a sharp suppression in the number of contacts between monomers that do not share a bond. For spheres, the mechanical stability of the packing is provided by pairwise contacts. For long chains, the suppression of pairwise contacts between monomers that do not share a bond leaves the backbone as the remaining source of rigidity. But how can floppy chains be arranged into a rigid structure?
Unlike the r = √ 3a sub-peak, the sub-peak at r = 2a persists as M increases: it broadens and shifts slightly to r < 2a. This shift suggests a large number of bonds must be flexed; for M = 4096, the peak center at r = 1.89a corresponds to a flex angle of 38 • (Fig. 2b,   inset ). Measured directly, the flex angle distribution p(θ) for long chains (M = 4096) peaks strongly θ max = 48 • ; by contrast, p(θ) for short chains (M = 8) is much flatter (Fig. 2c) .
We also compute the bond-orientational correlation C b (s − s ) along a single chain
here s, s are monomer labels, and b(s) is the bond that links monomers s and s + 1. Fig. 2d shows C b (s − s ) for compacted long chains. It decays rapidly from unity, becomes maximum anti-correlated at s − s 6, before returning to zero and executing small amplitude oscillations (period 10.5a). This indicates there is no long-range orientational order along the backbone; instead, the local chain conformations contain a prevalence of near-minimal, semi-rigid loops (recall ξ = 7.5) (Fig. 3) . For comparison, the g(r) for M = 8 cyclic chains, which are rigid loops, is very similar to that for long chains save for subtle differences:
the second peak is sharper, and is located at r = 1.85a (rather than 1.89a) corresponding to next-nearest vertices of an octagon. The g(r) of the M = 16 cyclic chain is nearly indistinguishable from that for long chains (Fig. 2b) .
We suggest these strongly-flexed bonds and near-minimal loops are responsible for the rigidity of long-chain packings. Specifically, rigidity arises from the jamming of rigid elements (loops) that "condensed" out of a floppy object (the chain) upon compaction. Consider a pack of minimal loops, each with ξ monomers; these will be completely rigid rings.
A ring has 6 degree of freedom; for a pack of rings to be jammed, i.e., mechanically rigid, there must be on average 6 independent constraints per ring. These are provided by pairwise contacts between rings. On jamming, each ring is on average in contact with 12 other rings; on a per monomer basis, each monomer will have on average 12/ξ contacts, or z = 2 + 12/ξ nearest neighbors (coordination number). Compared with frictionless spheres, where the mean coordination at jamming is z = 6, a jammed pack of rigid rings is much less coordinated and therefore less densely-packed. Since z ∼ 1/ξ, the packing density will be even lower for stiffer chains (larger ξ).
The loops in compacted chains are nearly, but not exactly, minimal in size; they are semi-rigid and have more degrees of freedom than rigid rings. In addition, not all bonds are maximally flexed, and not all monomers belong on a loop. For linear chains, the chain ends, being bonded to only a single partner, are less constrained than monomers in the middle of a backbone. Each of these effects increases the number of constraints needed before a pack can jam, thereby enhancing the mean coordination and packing density at jamming. Therefore we expect: (1) long linear chains should pack less densely than short linear chains, but small, (nearly) rigid cyclic chains should pack the least densely of all; (2) stiff chains with large loop sizes should pack less densely than floppy chains with small ξ.
Qualitatively, this is what we observed.
In the spirit of the Jamming Phase Diagram [17] , which links the glass transition of simple glass-formers with the jamming of grains, we suggest there is a similar connection between polymers and macroscopic chains. One well-studied aspect of the polymer glass transition is the variation of the glass transition temperature T g on chain length and chain topology. For linear polymers, as M → ∞, T g quickly asymptotes to a constant value;
whereas T g decreases rapidly as M → 1. This is commonly described by the Flory form
where K > 0 is polymer-specific parameter [18] . For cyclic polymers, in the long-chain limit, T g is the same as that of long linear polymers of the same type; but as M become very small, T g increases [19] . As with ball chains, the behavior of linear and cyclic polymers follow opposite trends as M becomes small.
The Jamming Phase Diagram suggests a way to directly compare glassy polymers with jammed chains. Here, temperature T and specific packing volume v ≡ 1/ρ are orthogonal axes; jammed/glassy states occupy the high-density, low-temperature region of the phase diagram, the rest are occupied by fluid states. The glass transition is the transition from liquid to glass along the T -axis, while jamming is the transition from unjammed to jammed states along the v-axis at T = 0 [17] . In this sense, T g (M ) and v f (M ) ≡ 1/ρ f (M ) should be analogous quantities. When we compare T g (M )/T g,∞ for linear and cyclic polydimethylsiloxane and v f (M )/v f,∞ for the packing of chains, the overall similarity between them is striking (Fig. 4) .
As shown earlier, in a packing of floppy linear chains, chain ends acts as non-interacting, density-enhancing defects. We can then write the specific packing volume v f in the floppy regime as the weighted sum of v e , contributed by ends, and v b > v e , due to the bulk,
here ∼ ξ is the extent that end-influences propagate into the bulk of the chain. Cast in this way, v f (M ) takes on a form identical to the Flory form (Eq. 2) for T g (M ). Finally, chains with larger loop sizes pack less densely than chains with small ξ. The
suggests stiff polymers will have a higher T g than those that are more flexible. Indeed, for vinyl polymers with rigid side-groups that restrict chain flexibility, T g is higher for those with large side-groups than for those whose side-groups are small [20] .
These observations do not prove the polymer glass transition must be due to the jamming of chains, especially at finite temperatures and with realistic interactions. Indeed, the role of temperature points to important distinctions between polymers and ball-chains: (1) the stiffness of a ball-chain is given solely by its construction, but a polymer becomes stiffer at lower T ; (2) for the packing of macroscopic objects, thermal motion is irrelevant and the generalization of "temperature" is an open question [21] . Therefore the purely geometric jamming of chains cannot be exactly analogous to the glass transition in polymers. Some aspects of temperature can perhaps be simulated by varying the tapping strength used to compact the packing [6, 22] . Interaction can also be introduced, e.g. by making the chains slightly sticky with a thin coating of viscous oil. But even hard particles and no explicit temperature, the similarities between jammed ball-chains and glassy polymers are striking enough to suggest that the jamming idea captures much of the physics. Since it has long been a matter of debate whether glass transitions in polymers and in simple glass-formers are fundamentally similar, it is attractive to think jamming, whether of grains or chains, may provide a unifying connection.
We have shown long floppy chains pack into a low-density structure whose rigidity is chiefly provided by the backbone. This can be understood as the jamming of semi-rigid loops that formed when the chains were compacted. By invoking an analogy between the specific packing volume and the glass transition temperature, we have shown the packing of chains parallels the polymer glass transition in important respects. If these two phenomena are indeed closely connected, as our data suggest, it would be a beautiful illustration of how molecular geometry and symmetry, independent of the specific microscopic interactions, can influence the structure of condensed matter. 
